The massless scalar field in the higher-dimensional Kerr black hole (Myers-Perry solution with a single rotation axis) has been investigated. It has been shown that the field equation is separable in arbitrary dimensions. The quasi-normal modes of the scalar field have been searched in five dimensions using the continued fraction method. The numerical result shows the evidence for the stability of the scalar perturbation of the five-dimensional Kerr black holes. The time scale of the resonant oscillation in the rapidly rotating black hole, in which case the horizon radius becomes small, is characterized by (black hole mass) 1/2 (Planck mass) −3/2 rather than the light-crossing time of the horizon.
Introduction
The higher dimensional space-times have been more seriously considered in recent studies as possible grounds for the unified theory of elementary particles. Though there are no experimental evidence that we live in more than fourdimensional space-time, it is suggested that the existence of the extra dimensions might be proved by the signature of black hole production in planned high energy experiments.
This argument follows from the brane-world scenario [1] . In such a model, the Standard Model particles are confined to the three-brane, which means that the Kaluza-Klein modes of the SM particles are not excited, and only gravitons can propagate in the bulk, hence there are rather mild constraints on the size of the extra dimensions, so that the fundamental (higher-dimensional) Planck scale can reduce to TeV scale. This is a possible solution to the hierarchy problem.
Another type of the brane-world models has been proposed by Randall and Sundrum, which utilize the warped metric of the AdS space.
If the fundamental scale is given by TeV, the black holes will be produced at the future colliders such as the CERN Large Hadron Collider (LHC), of which center of mass energy is 14TeV [2, 3] . Though the classical approximation might be marginal for hypothetical black holes to be produced at LHC, we shall here discuss the higher-dimensional classical black holes, which is relevant for future colliders beyond the LHC. Recent studies show that the higher-dimensional black holes might be qualitatively rather different from usual four-dimensional ones.
Significantly, the stationary black hole solutions are shown to be nonunique, while the uniqueness of static black hole has been established [5] . There are fivedimensional Kerr solution, while Emparan and Reall [6] have recently found the rotating black ring solution with S 1 × S 2 horizon, and there exists a parameter ranges where Kerr black hole and black ring have the common mass M and the angular momentum J. The dimensionless Kerr parameter a * := a/r H , where a = 3J/2M is the Kerr parameter and r H the horizon radius, are characteristic quantity determining the property of the five-dimensional Kerr black hole, which are equivalent to the another dimensionless quantity J 2 /GM 3 via
The five-dimensional Kerr black hole can have arbitrary a * > 0 for fixed total mass. Consider a sequence of the solution with the mass being fixed. Starting with a * = 0 (Schwarzschild black hole), spin up the black hole. At a * = 2.3, there emerge two branches of black ring solutions with same J, both have less horizon area than the Kerr black hole. However, for a * > 2.8, the horizon area of the larger black ring exceeds that of the Kerr black hole with same J. Since the horizon area is just the black hole entropy, it means that the five-dimensional Kerr black hole are entropically unfavourable in microcanonical ensemble. Though this is a purely thermodynamical argument, one might wonder the stability of the rapidly rotating black holes, and this is the subject of the present paper.
As a simplest case, we here investigate the massless scalar field in the fivedimensional Kerr background. We formulate in arbitrary dimensions for later convenience, and then concentrate on the five-dimensional case in actual computation. The separability in five-dimensional case has been shown in Ref [8] .
Kerr metric in higher dimensions
The metric of the (4+n)-dimensional Kerr metric with only one non-zero angular momentum is given in Boyer-Lindquist-type coordinates by [4] 
where
and dΩ 2 n denotes the standard metric of the unit n-sphere. This metric describes a rotating black hole in asymptotically flat, empty space-time with mass and angular momentum proportional to µ and µa, respectively. Hereafter, µ, a > 0 are assumed.
The event horizon is located at r = r H , such that ∆| r=rH = 0, which is homeomorphic to S 2+n . When n = 1, an event horizon exists only when a < √ µ, and the event horizon shrinks to zero-area in the extreme limit a → √ µ. On the other hand, when n ≥ 2, ∆ = 0 has exactly one positive root for arbitrary a > 0. Thus, there are no extreme Kerr black holes in higher dimensions.
Separation of variables of massless scalar field equations
Here we consider the scalar perturbation on the background metric (2). Fortunately, the massless scalar equation turns out to be separable. We shall just comment that the Hamilton-Jacobi equation for a test particle is also separable, so that we have so-called the Carter constant in arbitrary dimensions. We put φ = e iωt−imϕ R(r)S(ϑ)Y (Ω) into the massless scalar field equation
is the hyperspherical harmonics on n-sphere, of which eigenvalues given by −j(j +n−1) (j = 0, 1, 2, · · ·). Then we obtain the separated equations
and
We consider the eigenvalue problem of Eqs. (5) and (6) subject to the quasinormal boundary condition. This boundary condition is given by
has been determined by the asymptotic behavior of the Eq. (6). In other words, the waves are purely ingoing at the horizon and purely outgoing at the infinity.
Possible Unstable Modes
Here we show along the line of Detweiler and Ipser [12] that the possible unstable mode is restricted to some region of the complex ω-plane. We assume that Eqs. (5) and (6) have an unstable eigenmode with frequency ω:
where ω R and ω I are the real and imaginary part of ω, respectively. Multiplying scalar field equation ∇ 2 φ = 0 by r n sin ϑ cos n ϑΣφ * , and integrating over the region outside the event horizon, we obtain
The Equation (10) implies that mω R > 0 holds when m = 0, and ω R = 0 when m = 0. Since ∆ ≥ 0 is monotonically increasing function for r > r H , we have
Then, from Eq. (10), the real part of ω turns out to be bounded:
On the other hand, using a similar inequality
Eq. (11) leads to the inequality
In particular, it turns out that there no unstable mode in the axisymmetric (m = 0) and the Schwarzschild (a = 0) cases. In the non-axisymmetric case, when unstable modes are not ruled out, we rely on the numerical calculation.
Numerical Computation
Here we employ the continued fraction method [9, 10, 14] for this problem, which can determine the resonant frequency ω and the separation constant A with very high accuracy. We assume the following series expansion for S
which automatically satisfies the regular boundary conditions at ϑ = 0, π/2 whenever converges. Substituting this into Eq. (5), we obtain the three-term recurrence relations
Here we have defined the dimensionless quantity ω * := ωr H and a * := a/r h , since the behavior of the system depends only on a * . When a * = 0, the eigenvalue A is explicitly determined from the requirement that the series expansion ends within finite terms, since otherwise divergent. Thus we have
and the 0th-order eigenfunctions are given in terms of the Jacobi polynomials:
In a similar way, we expand the radial function R into the form
which automatically satisfies the quasi-normal boundary condition, whenever convergent. When n = 1, substituting Eq. (25) into Eq. (6), we obtain the five-term recurrence relations 
For n ≥ 2, the recurrence relations have more terms. In what follows, we restrict ourselves on the n = 1 case as a simple case. The five-term recurrence relations reduce to the four-term ones
via the Gaussian elimination:
The similar procedurẽ
leads to the three-term relations
Given the three-term recurrence relations the formal expressions of the ratio of the successive coefficients are obtained in two ways:
where (1/x+)(y/z) abbreviates 1/[x + (y/z)]. In a similar manner, we obtain
For fixed k and k ′ , we have simultaneous equations (39) and (40) for two unknown complex numbers ω * and A. We perform the numerical evaluation of the solutions using a standard nonlinear root search algorithm provided by the MINPACK subroutine package. The equations for different sets of (k,k ′ ) are used as a numerical check.
In the case of non-rotating black hole, the first eight quasi-normal modes with several values of angular momentum obtained in our computation are plotted in Fig. 1 .
Typical examples of quasi-normal modes of the five-dimensional Kerr black holes are plotted in Figs 2-7 , where the Kerr parameter a * is continuously varied. Here the resonant frequencies are normalized by √ µ rather than r H , i.e., we work on 1 + a 2 * ω * -plane. Though the Kerr parameter a * is taken to be sufficiently large values, each mode does not seem to pass through the real axis of the frequency plane in any cases. The m > 0 branches seem to approach to some points on the real axis, which is a similar behaviour to the four-dimensional case [9, 11, 13, 16] . Though we have searched for unstable modes up to |m|, j ≤ 5, they are not found.
Summary
We have investigated the massless scalar field equation in the higher-dimensional Kerr black hole background. The field equation is separable in arbitrary dimen-sions. Under the quasi-normal boundary condition, we have searched for the resonant frequencies in the complex ω * -plane in the case of the five dimensions.
In the Schwarzschild case (a * = 0), the resonant frequencies are characterized by ℓ and the excitation number N . For nonzero Kerr parameter, these resonant frequencies split for different sets of m and j. Continuously varying the Kerr parameter a * , we keep track of resonant modes, of which trajectories are characterized by the set of wave numbers: (ℓ, m, j, N ). Each trajectory does not pass through the real axis of the complex frequency plane. For m > 0, however, these trajectories seem to approach to points on the real axis of the frequency plane. The corresponding time scale of the resonant oscillation in the limit a * → 0, in which case the horizon radius shrinks to zero, is characterized by the mass scale ∼ µ 1/2 rather than the light-crossing time ∼ r H . These results show the evidence of the stability of the scalar perturbation of the five-dimensional Kerr black holes. 
